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1. INTRODUCTION
Let D be one of the three division algebras over R, i.e., D=R, C or H.
Let V be a D vector space with a nondegenerate Hermitian form of signa-
ture (p, q). Suppose that
V=V+ À V0 À V− ,
where V+ and V− are totally isotropic subspaces of V with dimD V+=
dimD V−=n, V0 is non-degenerate and orthogonal to V+ À V− . Let
W=Dn À (Dn)*
be endowed with the standard maximally split skew-Hermitian form.
Let G=G(V) and GŒ=G(W) be the isometry groups of V and W, respec-
tively. Then (G, GŒ) is a reductive dual pair [6] in Sp(2k, R) where k=
(p+q) n ·dimR D. The dual pairs in this category are
(O(p, q), Sp(2n, R)), (U(p, q), U(n, n)), (Sp(p, q), O*(4n)),
where min(p, q) \ n.
Let Sp6(2k, R) be the metaplectic cover of Sp(2k, R). For a subgroup E
of Sp(2k, R), we denote the pullback of E in Sp6(2k, R) by E˜.
Let w be the (smooth) oscillator representation of Sp6(2k, R) as described
in [4]. The representation w can be realized on S(Vn), the space of
Schwartz functions on Vn=Hom(Dn, V). We note that in the present
setting, the metaplectic cover is trivial when restricted to G, and restricted
action of w to G on S(Vn) is induced by the linear action of G on Vn:
w(g) f(x)=f(g−1x), g ¥ G, f ¥ S(Vn).
However, the restricted action of w to GŒ6 is less straightforward. We shall
be more explicit later.
To save notations, we shall let GŒ=Sp6(2n, R), U˜(n, n), or O*6 (4n). Let P
be the parabolic subgroup of G stabilizing V+ and PŒ be the (Siegel) para-
bolic subgroup of GŒ stabilizing Dn, respectively. Then we have the Levi
decompositions
P 5 GL(V+) ·G(V0) ·N,
PŒ=MŒ ·NŒ 5 GL6 (n, D) ·NŒ.
Here G(V0) is the subgroup of G isomorphic to the isometry group of
V0 and GL6 (n, D) is an appropriate cover of GL(n, D) …Hom(Dn, Dn)
depending on the dual pair under consideration.
Consider the following subspace
Hom(Dn, V+) …Hom(Dn, V)=Vn.
Note that for g ¥Hom(Dn, V+) and a ¥ GL(n, D), we have ga ¥Hom(Dn, V+).
Take g ¥Hom(Dn, V+) with rank g=n. We may write g=(g1, ..., gn),
where gi=g(ei) ¥ V+ and {ei}1 [ i [ n is the standard basis of Dn. Using
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{gi}1 [ i [ n as a basis of V+, we may therefore identify GL(V+) with
GL(n, D). More specifically for p ¥ P, we may write
pg=ga(p),
for some a(p) ¥ GL(n, D). The map pW a(p) then induces an isomorphism
P/(G(V0) ·N) 5 GL(V+) 5 GL(n, D).
Let (p, Vp) be an irreducible finite-dimensional representation of
GL(n, D), and f be a fixed matrix coefficient of p. For a Schwartz function
f ¥ S(Vn), consider the zeta integral
Z(f, s; p, f)=F
GL(n, D)
f(ga) f(a) |a| s da ×, s ¥ C. (1.1)
Here da × is a multiplicative Haar measure on GL(n, D), and | · | is the quasi-
character of GL(n, D) such that |a| > 0 for all a ¥ GL(n, D) and |lIn |=ln
for a positive real l.
Note that U˜(k) is a maximal compact subgroup of Sp6(2k, R). Denote by
S(Vn) the space of U˜(k)-finite functions in S(Vn).
Proposition 1.2 (see [5]). 1. There is a s0 ¥ R such that for Re(s) >
s0, f ¥ S(Vn) and f a matrix coefficient of p, the zeta integral Z(f, s; p, f)
converges absolutely.
2. There is an Euler factor L(s, p) such that for f ¥ S(Vn), the
expression Z(f, s; p, f)/L(s, p) is equal to a polynomial in s.
3. One may choose some matrix coefficients fi of p and some functions
fi ¥ S(Vn) in such a manner that the sum
C
i
Z(fi, s; p, fi)
L(s, p)
is equal to 1.
For any f ¥ S(Vn), we now define the Hp=Hom(Vp, Vp)-valued zeta
integral
Z(f, s; p)=F
GL(n, D)
f(ga) p(a) |a| s da ×, s ¥ C. (1.3)
Note that for any vector v in Vp, we have
p(a)(v)=C
i
vgi (p(a) v) vi, a ¥ GL(n, D),
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where {vi} is a basis of Vp and {v
g
i } is its dual basis. We therefore conclude
that Z(f, s; p) is absolutely convergent for Re(s)± 0, and it can be
meromorphically continued to the whole complex plane for f ¥ S(Vn).
For every s ¥ C we define a map Pp, s from S(Vn) to the set of functions
on Sp6(2k, R) as follows. Suppose L(s, p) has a pole of order m or a zero of
order −m at s0, where m ¥ Z. We set
Pp, s0 (f)(g)=lim
sQ s0
(s−s0)m Z(w(g) f, s; p).
Since G commutes with GŒ, one can define unambiguously the following
functions on G×GŒ:
Pp, s(f)(g, gŒ)=Pp, s(f)(ggŒ), (g, gŒ) ¥ G×GŒ, f ¥ S(Vn).
A simple calculation gives
Pp, s(f)(pg, gŒ)=p(a(p)) |a(p)| s Pp, s(f)(g, gŒ), p ¥ P.
Denote
d=dimR D and d0=dimR {t ¥ D | t¯=−t}. (1.4)
We have
(w(mŒ6) f)(x)=s(mŒ6) |mŒ|d(p+q)/2 f(xmŒ), mŒ6 ¥MŒ6 , f ¥ S(Vn). (1.5)
Here s(mŒ6) is a scalar factor (a fourth root of unity) as a result of a choice
of the double covering w(GL6 (n, D)), which we will suppress at the
moment.
Using the above, the explicit formula of w|NŒ [4] and the fact that the
image of g is totally isotropic, we have
Pp, s(f)(g, pŒgŒ)=s(mŒ6) |mŒ| (d(p+q)/2)−s Pp, s(f)(g, gŒ) p−1(mŒ),
pŒ=mŒ6nŒ ¥ PŒ.
Note that Hp 5 Vp é Vgp , and so Hp may be viewed as a representation of
GL(n, D)×GL(n, D), where the first factor (respectively, the second factor)
acts by p (respectively, p*). This induces a representation of P×PŒ through
the obvious projection map
P×PŒW GL(n, D)×GL(n, D).
We may thus think of Pp, s(f) as a function on G×GŒ with values in
Vp é Vgp .
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We fix some notations. Denote by g the Lie algebra of G and let
K=U˜(k) 5 G be a fixed maximal compact subgroup of G. For a represen-
tation r of P, denote by IndGP(r) the representation of G induced from the
representation r of P (normalized induction). To save notations, IndGP(r)
will also denote the underlying Harish–Chandra (g, K)-module. Similar
notations apply to GŒ.
We note that the modulus function of P is given by
rP(p)=|a(p)| (d(p+q−n−1)+2d0)/2, p ¥ P,
and the modulus function of PŒ is given by
rPŒ(pŒ)=|mŒ| (d(n+1)−2d0)/2, pŒ=mŒ6nŒ ¥ PŒ.
We thus arrive at the following
Proposition 1.6. Suppose that p is an irreducible finite-dimensional
representation of GL(n, D). Then Pp, s induces a nonzero map intertwining
the (g, K)×(gŒ, KŒ) actions on S(Vn) with the tensor product of the following
degenerate principal series representations
Pp, s : wQ Ind
G
P(p é | · |n) é IndGŒPŒ(s é p* é | · |−n),
where
n=s−
d(p+q−n−1)+2d0
2
,
and s is as defined in Eq. (1.5).
Remark 1.7. For n=1, Orsted and Zhang [22] have constructed a
different intertwining operator
wQ IndGP(p é | · |n) é IndGŒPŒ(s é p* é | · |−n).
Recall [8] that an irreducible admissible representation r of G (respec-
tively, irreducible Harish–Chandra (g, K)-module) and an irreducible
admissible representation p of GŒ (respectively, irreducible Harish–Chandra
(gŒ, KŒ)-module) are said to correspond to each other under the local theta
correspondence (or the Howe duality correspondence) if there exists a non-
zeroG×GŒ-intertwiningmap (respectively (g, K)×(gŒ, KŒ)-intertwiningmap)
wW r é p.
In that case we write
h(r)=p, or h(p)=r.
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Thus Proposition 1.6 implies that if both IndGP(p é | · |n) and IndGŒPŒ(s é
p* é | · |−n) are irreducible, then they correspond to each other under the
local theta correspondence. Furthermore if they are reducible, then certain
of their irreducible constituents (in the image of Pp, s) will have to corre-
spond to each other.
To have precise statements of these correspondence, we will need to have
knowledge of the structure of relevant degenerate principle series (in addi-
tion to knowledge of the image of Pp, s). On the GŒ-side, this is known (for
p a character). See [11, 13, 14, 21, 24]. On the G-side, the known cases are
(i) for D=R, C, H with p \ q=n ([3] for D=R and n=2, and [19, 20]
in general), and (ii) n=1 [10]. In case (i), we shall derive two conse-
quences: the correspondence at generic points and the correspondence for
(integral points of) the complementary series. This is done in Section 2. In
case (ii), we derive all correspondences predicted by our intertwining map
(Sections 3–5). These results are illustrated by 13 Hasse diagrams at the end
of the paper. We hope that the readers find them to be useful.
We comment on the case n=1. For D=R, the discrete part of the
local theta correspondence is known from the early work of Rallis and
Schiffman [23]. The general case is in fact quite easy, using techniques
from Section 3 of [17] on lifting of holomorphic representations. Our
results for the case n=1 (Sections 3–5), together with theirs, will then yield
a complete description of the local theta correspondence in this simplist
case. See Section 3.5.
2. THE PAIRS (O(p, q), Sp(2q, R)), (U(p, q), U(q, q)), AND
(Sp(p, q), O*(4q))
We first consider the dual pair (O(p, q), Sp(2n, R)), where p, q \ n.
We will identify GŒ=Sp6(2n, R) as a set with Sp(2n, R)×Z2. Then the
(Siegel) parabolic subgroup of GŒ is PŒ=MŒNŒ, where
MŒ={(m(a), e) | a ¥ GL(n, R), e=±1},
NŒ={(n(b), 1) | b t=b ¥Mn, n(R)}.
Here
m(a)=1a
0
0
(a t)−1
2 , n(b)=1In
0
b
In
2 ,
andMn, n(R) denotes the space of n×n real matrices.
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Let q0 be the character ofMŒ of order 4 given by
q0(m(a), e)=e˛1, det(a) > 0,
i, det(a) < 0.
(2.1)
From [4], we have the explicit formula of w under PŒ on f ¥
S(Mp+q, n(R)):
w((m(a), e)) f(x)=qp−q0 ((m(a), e)) |det(a)|
(p+q)/2 f(xa),
w((n(b), 1)) f(x)=e (i/2) tr(bx
tIp, qx)f(x),
where
Ip, q=1Ip
0
0
−Iq
2 .
We therefore have the following version of Proposition 1.6:
Proposition 2.2. Let q be a character of GL(n, R). Then there is a
nonzero (g, K)×(gŒ, KŒ)-intertwining map
Pq, s : wQ Ind
O(p, q)
P (q é | · |n) é Ind PŒSp6(2n, R)(qp−q0 q−1 é | · |−n),
where
n=s−
p+q−n−1
2
.
Now assume that p \ q=n. We have
P 5 GL(q, R) O(p−q) ·N and PŒ 5 GL6 (q, R) ·NŒ.
In the following, the trivial character will be denoted by 1, and the
signum character of (the groups GL(q, R), O(q), etc.) will be denoted by sgn.
We note that
IndO(p, q)GL(q, R) O(p−q) ·N(sgn é | · |n) 5 1+, − é IndO(p, q)GL(q, R) O(p−q) ·N (1 é | · |n),
where 1+, − is the character of O(p, q) such that
1+, −|O(p)=1, 1+, −|O(q)=sgn.
Let q be either the trivial or the signum character of GL(n, R). It is
known [18, 19] that IndQ(p, q)GL(q, R) O(p−q) ·N (q é | · |n) is irreducible if and only if˛n – p+12 (mod Z), if p < 2q,
n – ±1 p−1
2
−q+l2 , l=1, 2, ..., if p \ 2q.
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From [12], we know that Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qa0 é | · |−n) (a=0, 1, 2, 3) is
irreducible if n – a/2+(q+1)/2 (mod Z). For q > 1, this condition is also
necessary. Thus Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qp−q0 q
−1 é | · |−n) is irreducible if n – (p+1)/2
(mod Z). We therefore have the following:
Theorem 2.3. Consider the dual pair (O(p, q), Sp(2q, R)), where p \ q.
Let q be either the trivial or the signum character of GL(n, R). Then
IndO(p, q)GL(q, R) O(p−q) ·N (q é | · |n)=h(Ind GL6(q, R) ·NŒ
Sp6(2q, R) (qp−q0 q
−1 é | · |−n)),
for n – (p+1)/2 (mod Z).
Now assume that p \ 2q. As discussed above, IndO(p, q)GL(q, R) O(p−q) ·N (q é | · |n)
is irreducible for |n| < (p+1)/2−q. General principle ensures that they are
unitary. These are the so-called complementary series representations. This
phenomenon of long complementary series (for this particular choice of the
maximal parabolic subgroup P) was observed by the first-named author
[18]. They also arise in earlier works of Kostant on real rank one groups,
and of Baldoni-Silva, Knapp, and Speh on unitary duals of rank two clas-
sical groups.
We will need to review some results of [15] on the structure of
Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qa0 é | · |−n), where a=0, 1, 2, 3.
Assume that n [ 0, and let m be the positive integer given by
m=−2n+(q+1)
so that − n=m/2−(q+1)/2.
For a pair of nonnegative integers (r, s) such that r+s=m, consider the
dual pair (O(r, s), Sp(2q, R)). Let W r, s be the Howe (maximal) quotient
corresponding to the trivial representation of O(r, s). Then W r, s has a
unique irreducible Sp6(2q, R) quotient [8], denoted by h r, s. Of course, h r, s
is the theta lift of the trivial representation of O(r, s) associated to the dual
pair (O(r, s), Sp(2q, R)). The main results of [15] assert that the collection
of {W r, s} with r−s — a (mod 4) are submodules of Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qa0 é
| · |−n), and the composition series of Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qŒa0 é | · |−n) is
determined by this collection of submodules in a precise way. Furthermore
h r, s may be characterized as the unique irreducible constituent of
Ind
GL6(q, R) ·NŒ
Sp6(2q, R) (qa0 é | · |−n) containing the scalar KŒ-type (r−s)/2 1q, where
1q=(1, ..., 1)z
q
.
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Note that hm, 0=L(m/2) 1q , the unitary lowest weight module of Sp
6(2q, R)
with the lowest weight (m/2) 1q.
Theorem 2.4. Consider the dual pair (O(p, q), Sp(2q, R)), where p \ 2q.
Let ni [ 0 be such that
|ni |=
p−1
2
−q−i, i=0, 1, 2, ..., i [
p−1
2
−q.
Let
mi=p−q−2i.
Then for i even, we have
IndO(p, q)GL(q, R) O(p−q) ·N (1 é | · |ni)=h(hmi, 0),
IndO(p, q)GL(q, R) O(p−q) ·N (sgn é | · |ni)=h(hmi −1, 1),
and for i odd, we have
IndO(p, q)GL(q, R) O(p−q) ·N (1 é | · |ni)=h(hmi −1, 1),
IndO(p, q)GL(q, R) O(p−q) ·N (sgn é | · |ni)=h(hmi, 0).
Proof. Denote p=IndO(p, q)P (q é | · |ni) and IŒ=Ind PŒSp6(2q, R)(qp−q0 q−1 é
| · |−ni). As there is a nonzero intertwining map wQ p é IŒ, we know that p
must correspond to certain irreducible constituent pŒ of IŒ.
Let y be the following K=O(p)×O(q)-type of p:
y=˛1 é 1, q=1,
1 é sgn, q=sgn.
By the correspondence of K and KŒ types in the space of joint harmonics
[1, 8], pŒ must contain the KŒ-type
yŒ=˛ p−q2 1q, q=1,
p−q−2
2
1q, q=sgn.
Since IŒ is KŒ-multiplicity-free, we conclude that pŒ must be the unique
irreducible constituent of IŒ containing the KŒ-type yŒ.
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Using results of [15], it is then straightforward to verify that hmi, 0 or
hmi −1, 1 is the required constituent. We omit the details. L
We now consider the dual pair (U(p, q), U(n, n)), where p, q \ n.
We may identify GŒ=U˜(n, n) with the cover defined by the character
t=det(p−q)/2 of U(n, n). Then we have the inverse image of PŒ=MŒNŒ in
U˜(n, n), where
MŒ=3(m(a), l) | a ¥ GL(n, C), l=±1 det a
|det a|
2p−q4 ,
NŒ={(n(b), 1) | b*=b ¥Mn, n(C)}.
Here m(a)=(a0
0
(a*)−1) and n(b)=(
In
0
b
In).
Let
wt=t−1 é w.
Then wt factors through U(n, n). We may thus view wt as a representation
of U(n, n).
For k ¥ Z, let qk be the following (unramified) character of GL(n, C):
qk(a)=1 det a|det a| 2k, a ¥ GL(n, C). (2.5)
Note that t((m(a), l))=l, for (m(a), l) ¥MŒ. We have
[wt(m(a)) f](x)=q
−1
p−q(a) |det a|
p+qf(xa),
for a ¥ GL(n, C) and f ¥ S(Mp+q, n(C)).
We therefore have the following version of Proposition 1.6:
Proposition 2.6. Let q be a character of GL(n, C). Then there is a
nonzero (g, K)×(gŒ, KŒ)-intertwining map
Pq, s: wQ Ind
U(p, q)
P (q é | · |n) é (t é IndU(n, n)GL(n, C) ·NŒ (q−1p−qq−1 é | · |−n)),
where
n=s−(p+q−n).
Now assume that p \ q=n. We have
P 5 GL(q, C) U(p−q) ·N and PŒ 5 GL6 (q, C) ·NŒ.
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It is known [19] that IndU(p, q)GL(q, C) U(p−q) ·N (qk é | · |n) is irreducible if and
only if
˛n – p+k (mod 2Z), if p < 2q,
n – ±(p−2q− |k|+2l), l=1, 2, ..., if p \ 2q.
It is also known that IndU(q, q)GL(q, C) ·NŒ (q
−1
p−q+k é | · |−n) is irreducible if and
only if n – p+k (mod 2Z). See [13] for example. We therefore have the
following:
Theorem 2.7. Consider the dual pair (U(p, q), U(q, q)), where p \ q.
Then
IndU(p, q)GL(q, C) U(p−q) ·N (qk é | · |n)=h(t é IndU(q, q)GL(q, C) ·NŒ (q−1p−q+k é | · |−n)),
for n – p+k (mod 2Z). Here t=det(p−q)/2.
Now assume that p \ 2q. As discussed in above, IndU(p, q)GL(q, C) U(p−q) ·N (qk
é | · |n) is irreducible for |n| < p−2q− |k|+2 (the complementary series
representations).
By using the same argument as in the case of (O(p, q), Sp(2q, R)), we
obtain
Theorem 2.8. Consider the dual pair (U(p, q), U(q, q)), where p \ 2q.
Let ni [ 0 be such that
|ni |=p−2q− |k|−2i, i=0, 1, 2, ..., i [
p−2q− |k|
2
.
Let mi be the integer given by
mi=p−q−|k|−k−2i,
and let L(mi/2)1q é (−(mi/2)−k) 1q be the unitary lowest weight module of U˜(q, q)
with the lowest weight (mi/2) 1q é (−(mi/2) −k) 1q. Then we have
IndU(p, q)GL(q, C) U(p−q) ·NŒ (qk é | · |ni)=h(L(mi/2) 1q é (−(mi/2)−k) 1q ).
Remark 2.9. Note that for k=0, mi is a positive integer. In this case,
we have L(mi/2) 1q é (−(mi/2)) 1q=h(1), where h(1) denotes the theta lift of the
trivial representation of U(mi), with respect to the dual pair (U(mi),
U(q, q)).
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We finally consider the dual pair (Sp(p, q), O*(4n)), where p, q \ n.
In this case the metaplectic cover is trivial when restricted to GŒ=
O*(4n). We have the following version of Proposition 1.6:
Proposition 2.10. There is a nonzero (g, K)×(gŒ, KŒ)-intertwining map
P1, s : wQ Ind
Sp(p, q)
P (1 é | · |n) é IndO*(4q)GL(n,H) ·NŒ (1 é | · |−n),
where
n=s−2(p+q−n)−1.
Now assume that p \ q=n. We have
P 5 GL(q,H) Sp(p−q) ·N and PŒ 5 GL(q,H) ·NŒ.
It is known [20] that IndSp(p, q)GL(q,H) Sp(p−q) ·N (1 é | · |n) is irreducible if and
only if
˛n – 1 (mod 2Z), or n=±1, if p [ 2q,
n – ±(2p−4q+1−2l), l=1, 2, ..., if p > 2q.
It is also known that IndO*(4q)GL(q,H) ·NŒ (1 é | · |−n) is irreducible if and only if
n – 1 (mod 2Z). See [11] for example. We therefore have the following:
Theorem 2.11. Consider the dual pair (Sp(p, q), O*(4q)), where p \ q.
Then
IndSp(p, q)GL(q,H) Sp(p−q) ·N (1 é | · |n)=h(IndO*(4q)GL(q,H) ·NŒ (1 é | · |−n)),
for n – 1 (mod 2Z).
Now assume that p > 2q. As discussed above, IndSp(p, q)GL(q,H) Sp(p−q) ·N (1 é
| · |n) is irreducible for |n| < 2p−4q+3 (the complementary series represen-
tations).
By using the same argument as in the case of (O(p, q), Sp(2q, R)), we
obtain
Theorem 2.12. Consider the dual pair (Sp(p, q), O*(4q)), where p > 2q.
Let ni [ 0 be such that
|ni |=2p−4q+1−2i, i=0, 1, 2, ..., i [ p−2q.
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Let mi be the positive integer given by
mi=p−q−i,
and let Lmi 12q be the unitary lowest weight module of O*(4q) with the lowest
weight mi12q. Then we have
IndSp(p, q)GL(q,H) Sp(p−q) ·NŒ (1 é | · |ni)=h(Lmi12q ).
Remark 2.13. We have Lmi12q=h(1), where h(1) denotes the theta lift
of the trivial representation of Sp(mi), with respect to the dual pair
(Sp(mi), O*(4q)).
Remark 2.14. Theorems 2.4, 2.8, and 2.12 may be obtained from the
results of [15], [19], and [20], together with some general reciprocity
argument. Apart from two statements involving hmi −1, 1 in Theorem 2.4,
they should also follow from results (and techniques) on lifting of holo-
morphic representations (see Section 3 of [17]).
3. THE DUAL PAIR (O(p, q), SL(2, R))
In this section, we specialize to the dual pair (O(p, q), SL(2, R)). We
shall derive consequences to the local theta correspondence by examining
the image of the nonzero (g, K)×(gŒ, KŒ)-intertwining map
Pq, s: wQ Ind
O(p, q)
P (q é | · |n) é Ind PŒSL6(2, R)(qp−q0 q−1 é | · |−n),
where
n=s−
p+q−2
2
.
3.1. Admissible Dual of SL6 (2, R)
The materials for this subsection are well known. We include it for rea-
der’s convenience.
Recall that G=SL6 (2, R) is the metaplectic covering of SL(2, R). For a
a ¥ Z/4Z, s ¥ C, let
qa(s)(m(a), e)=q0(m(a), e)a |a| s
and
Ia(s)=Ind PŒ
SL6(2, R)(qa(s))
be the corresponding normalized induced representation of SL6 (2, R).
DEGENERATE PRINCIPAL SERIES 393
Remark 3.1.1. If a is even, then the representation Ia(s) factors
through the linear group SL(2, R), and the corresponding representation of
SL(2, R) is the principal series induced from the character sgna/2 é | · |n of
the upper triangular subgroup.
A maximal compact subgroup of SL6 (2, R) is
KŒ=SO6 (2)=SO(2)×Z2 (as a set)
where
SO(2)=3k(h)=1 cos h
− sin h
sin h
cos h
2 : h ¥ [0, 2p]4 .
The characters of KŒ are of the form
km(k(h), e)=(e ih/2e)2m, m ¥ 12 Z.
The weight of the differential of km is m. We have
Ia(s)|KŒ 5 IndKŒM1 (q
a|M1 ) 5 Ind
KŒ
M1 (ka/2 |M1 ) 5 (Ind
KŒ
M11) é ka/2,
whereM1=MŒ 5KŒ={±1}×Z2.
Thus the KŒ-types of Ia(s) are exactly the characters k(a/2)+2Z, and all of
them occur with multiplicity one. By making use of explicit transition
formulas as in the case of SL(2, R), one concludes that Ia(s) is reducible if
and only if
3 s ¥ Z and (−1) s=−(−1)a/2, a even,
s ¥ 12+Z, a odd.
The same transition formulas also allow us to read off the composition
series of Ia(s), when it is reducible. We need some notations.
For any k ¥ 12 Z, denote by Dk the irreducible lowest weight SL6 (2, R)
module of lowest weight k, and by D¯k the irreducible highest weight
SL6 (2, R) module of highest weight k. Notice that when k ¥ Z, Dk factors
through SL(2, R), and so Dk (D¯k, respectively) exists only if k > 0 (k < 0,
respectively). Also denote by Fj the irreducible finite-dimensional module
of highest weight j (or dimension j+1), for j=0, 1, 2, ... . Let Va(s) be the
Harish–Chandra module of Ia(s).
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Theorem 3.1.2 (Composition Series of V=Va(s)).
(1) a even, s ¥ Z, (−1) s=−(−1)a/2.
(a) If s > 0 then V contains a submodule Ds+1 À D¯−s−1. This sub-
module, and its two summands, are the only proper invariant subspaces of V.
The quotient is V/(Ds+1 À D¯−s−1) 5 Fs−1
(b) If s=0, then V is the direct sum of D1 and D¯−1:
V 5 D1 À D¯−1.
(c) If s < 0, then V contains a unique irreducible submodule F−s−1.
The quotient is
V/F−s−1 5 D−s+1 À D¯s−1.
(2) a odd, s ¥ 12+Z.
(a) If s ¥ a2+2Z, then V contains a unique irreducible submodule
D¯−s−1. The quotient is
V/D¯−s−1 5 D−s+1.
(b) If s ¥ a2+2Z+1, then V contains a unique irreducible submodule
Ds+1. The quotient is
V/Ds+1 5 D¯s−1.
We therefore have
Theorem 3.1.3 (The Admissible Dual of SL6 (2, R)). The following is a
list of equivalent classes of irreducible admissible SL6 (2, R)-modules:
(1) The irreducible principal series Ia(s) with s \ 0,
(2) Dk, D¯−k, k ¥ Z, k > 0,
(3) Dk, D¯k, k ¥ 12+Z,
(4) Fk, k ¥ Z, k \ 0.
As in the case of SL(2, R), it is easy to see that the irreducible principal
series Ia(s) is unitary if and only if
1 s− a
2
+121 s−1+a
2
2 < 0,
namely either s ¥ iR or s ¥ R with |s| < |a2 −1|. The former is on the unitary
axis, and the latter is called a complementary series (for a ] 2).
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It is also easy to see that the unitary Dk, D¯k’s are precisely those with
k ¥ 12 Z and k > 0. See for example [2].
Taking equivalence classes into consideration, we have
Theorem 3.1.4 (The Unitary Dual of SL6 (2, R)). The following is a list
of equivalent classes of irreducible unitary SL6 (2, R)-modules:
(1) The irreducible principal series Ia(s) with s ¥ iR+,
(2) The complementary series:
˛I0(s), s ¥ (0, 1),I1(s), s ¥ (0, 12 ),
I3(s), s ¥ (0, 12 ),
(3) Dk, D¯−k, k ¥ 12 Z, k > 0,
(4) F0=1= the trivial representation.
3.2. Structure of IndO(p, q)P (q é | · |n)
The structure of IndO(p, q)P (q é | · |n) can be found in [10]. In the notation
of [10],
IndO(p, q)P (q é | · |n) 5 S−s; e(X0), (3.2.1)
where
n=s−
p+q−2
2
and
e=˛+ if q ¥ 1,
− if q=sgn.
Here X0 is the light cone (in Rp+q) minus the origin, and for a complex
number l, Sl; e(X0) denotes the space of C. functions on X0 with
homogeneity degree l and parity e.
A maximal compact subgroup of O(p, q) is O(p)×O(q) and the
O(p)×O(q)-types of S−s; e(X0) are Hm, n=Hm(Rp) éHn(Rq). Here Hm(Rp)
(respectively, Hn(Rq)) denotes the space of degree m (respectively, n) har-
monic polynomials in Rp (respectively, Rq), and
m+n=˛even if e=+,
odd if e=−.
(3.2.2)
When p (or q) is 1, we require m (or n) to be 0 or 1 only.
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Pictorially, the O(p)×O(q)-types of IndO(p, q)P (q é | · |n) can be depicted
by integer points (m, n) in the first quadrant satisfying the parity condi-
tion (3.2.2). There are four transition barriers which at appropriate values
of s and e would cause reducibility. These barriers are described by lines:
x+y=−s=−n−
p+q−2
2
x+y=4+s−(p+q)=2+n−
p+q−2
2
x−y=s−p+2=n−
p−q−2
2
x−y=−s+q−2=−n−
p−q+2
2
.
At the points of reducibility, we shall specify the irreducible constituents by
their O(p)×O(q)-types. Their descriptions are given in Fig. 1, with the
obvious parity condition omitted.
Figures 2 and 3 illustrate K-type regions for some of the typical cases.
We remark that in our notations, S denotes a submodule and Q denotes a
FIG. 1. O(p)×O(q)-types of constituents of IndO(p, q)P (q é | · |n).
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FIG. 2. Case OO: p, q both odd.
quotient. Thus for example, for p, q both odd, the constituent SR(n) is the
submodule consisting of those O(p)×O(q)-types which are in the ‘‘right
wing’’ of the first quadrant, while the constituent SL(n) is the submodule
consisting of those O(p)×O(q)-types which are in the ‘‘left wing’’ of the
first quadrant (See Fig. 2). Another example: QSL (n) is the quotient by
the submodule SL(n) as shown in Fig. 3. Likewise, SQR, F(n) denotes the
subquotient by the finite-dimensional piece F and the submodule SR(n) as
illustrated in Fig. 3. Note that these submodules and quotients occur only
for appropriate values of n and parity e.
The module structures of IndO(p, q)P (q é | · |n) are described by their Hasse
diagrams. See Figs. 8 to 16. To highlight, we shall shade unitarizable
constituents and depict finite-dimensional constituents by squares. Inci-
dentally, the trivial representation is represented by a shaded square. Recall
here that irreducible finite dimensional representations of an orthogonal
group O(p+q, C) are parametrized by their ‘‘highest weights’’ (l1, ..., lk,
0, ..., 0; e), where e=±1, l1 \ · · · \ lk > 0 are integers, and 2k [ p+q.
FIG. 3. Case OE: p odd and q even.
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Here F(l1, ..., lk, 0, ..., 0) is the representation corresponding to (l1, ..., lk, 0,
..., 0; 1). Note that (l1, ..., lk, 0, ..., 0; e) with e=±1 differ by tensoring
with the nontrivial character sgn.
3.3. Local Theta Correspondence
Recall the (g, K)×(gŒ, KŒ)-intertwining map
Pq, s: wQ Ind
O(p, q)
P (q é | · |n) é Ind PŒSL6(2, R)(qp−q0 q−1 é | · |−n).
From [10], we know that if n ¨ (p+q)/2+Z, then IndO(p, q)P (q é | · |n) is
irreducible. On the other hand, it follows from Section 3.1 that Ind PŒ
SL6(2, R)
(qp−q0 q
−1 é | · |−n) is also irreducible. We therefore have the following
Theorem 3.3.1. If n ¨ (p+q)/2+Z, then
h(IndO(p, q)P (q é | · |n))=Ind PŒSL6(2, R)(qp−q0 q−1 é | · |−n).
From now on, we assume that n ¥ (p+q)/2+Z. We know from the map
Pq, s that certain constituents of the two degenerate principal series must
correspond. We shall describe such correspondences explicitly. First, we
will need to know the image of the intertwining map.
We denote by I(O(p, q)) ı IndO(p, q)P (q×| · |n), the O(p, q)-image of the
map Pq, s, namely
I(O(p, q))=span{Z(w(g) f, q, s) | g ¥ O(p, q), f ¥ S(Rp+q)}.
Proposition 3.3.2. If
s=n+
p+q−2
2
¥ −Z \ 0, and q=(sgn)s,
then I(O(p, q)) is a finite-dimensional submodule of IndO(p, q)P (q é | · |n).
More precisely, we have
I(O(p, q))=˛ C {Hm, n | m+n [ −s and even},q=1, s ¥ −2Z \ 0,
C {Hm, n | m+n [ −s and odd},
q=sgn, s ¥ −1−2Z \ 0.
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Otherwise
I(O(p, q))=IndO(p, q)P (q é | · |n).
Proof. We shall prove the proposition when q=1. The other case is
similar.
Recall the definition of the function P1, s(f) from the Introduction. The
Euler factor L(s, 1) is C(s/2) [5]. It has simple poles at −2Z \ 0.
Observe that I(O(p, q)) contains a K-type Hm, n, if and only if P1, s(f)
] 0 for some f ¥ S(Rp+q)Hm, n the Hm, n-isotypic component of S(R
p+q).
Since P1, s(f) is determined by its restriction to K, and since P1, s(f)(k)=
P1, s(w(k) f)(e), it suffices to examine P1, s(f)(e) for f ¥ S(Rp+q)Hm, n .
Such a function is of the form
f(x, y)=f1(x) f2(y) exp 1 − |x|2+|y|22 2 ¥ S(Rp+q),
where f1 ¥Hm(Rp), f2 ¥Hn(Rq).
Suppose that s ¨ −2Z \ 0. Write g=(gx, gy) and assume (as we may) that
|gx |=|gy |=1. Then we have
P1, s(f)(e)=Z(f, s; 1)=F
R
×
f(ag) |a| s da ×
=f1(gx) f2(gy) F
R
×
am+nexp(−a2) |a| s da ×
=˛f1(gx) f2(gy) C 1 s+m+n2 2 ] 0 if m+n is even
0 otherwise
for an appropriate choice of f1 and f2 (note that the gamma function C
has no zeroes). Thus I(O(p, q)) contains Hm, n, where m+n is even.
Suppose that s=−2j, for j=0, 1, 2, ... . If m+n is even, then we have
P1, s(f)(e)= lim
sQ −2j
f1(gx) f2(gy)(s+2j) C 1 s+m+n2 2 .
Notice that limsQ −2j(s+2j) C((s+m+n)/2) ] 0 if and only if m+n [ 2j.
Therefore I(O(p, q)) contains Hm, n, where m+n is even and m+n [ 2j.
The proposition follows. L
We now proceed to describe explicitly the correspondences of constitu-
ents implied by the intertwining map Pq, s. Here is our strategy.
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Let r be an irreducible quotient of I(O(p, q)). Note that I(O(p, q)) is
the full degenerate principal series except when
q=1, s=n+
p+q−2
2
¥ −2Z \ 0,
or
q=sgn, s=n+
p+q−2
2
¥ −1−2Z \ 0.
By composing Pq, s with the quotient map, we get a nonzero (g, K)×
(gŒ, KŒ)-intertwining map
P −q, s : wQ r é Ind PŒSL6(2, R)(qp−q0 q−1 é | · |−n).
Therefore h(r)=p, for some irreducible constituent p of Ind PŒ
SL6(2, R)
(qp−q0 q
−1 é | · |−n).
Denote K and KŒ the maximal compact subgroups of O(p, q) and
SL6 (2, R), as before. We call m+n the degree of the K-type Hm, n. Let y be a
K-type of r which is of minimal degree among all K-types of the form Hm, 0
or H0, n. Then y occurs in the space of joint harmonics and corresponds to a
KŒ-type kk in the same space, where
k=˛ p−q2 +m if y=Hm, 0,
p−q
2
−n if y=H0, n.
Since duality correspondence has subordinated to it a correspondence of K
andKŒ types in the space of joint harmonics, and since Ind PŒ
SL6(2, R)(qp−q0 q
−1 é
| · |−n) is KŒ multiplicity one, we conclude that p must be the (unique) con-
stituent of Ind PŒ
SL6(2, R)(qp−q0 q
−1 é | · |−n) containing the KŒ-type kk.
We also take note of the following. Let
q=(sgn)n+(p−q)/2+e,
where e=0, 1. Then qp−q0 é q−1=q−2n−2e0 . Thus Ind PŒSL6(2, R)(qp−q0 q−1 é
| · |−n) is irreducible if n ¥ Z and e=0 (i.e., if p+q is even and
q=(sgn)n+(p−q)/2, and reducible otherwise.
Using the strategies laid out as above, we have the following theorems.
We refer the descriptions of various constituents of IndO(p, q)P (q é | · |n) to
Fig 1.
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Theorem 3.3.3. Suppose that p+q is even and q(n)=(sgn)n+(p−q)/2.
(a) OO: If p, q are both odd and |n| \ (p+q−2)/2, then
h(F(|n|− (p+q−2)/2, 0, ..., 0))=Ind PŒ
SL6(2, R)(q−2n0 é | · |−n).
Otherwise, both principal series representations are irreducible and hence
h(IndO(p, q)P (q(n) é | · |n))=Ind PŒSL6(2, R)(q−2n0 é | · |−n).
(b) EE: p, q are both even. Here both principal series representations
are irreducible and hence
h(IndO(p, q)P (q(n) é | · |n))=Ind PŒSL6(2, R)(q−2n0 é | · |−n).
Remark 3.3.4. Notice that in the above case, the results on the corre-
spondence of constituents derived from our intertwining map for ± n are
redundant. Nevertheless we shall state both of them so that we have one
result for each value of n. Similar remarks apply to statements of later
results.
Theorem 3.3.5. Suppose that p+q is even and q(n)=(sgn)n+(p−q)/2+1.
(a) OO: p, q are both odd. We have (Fig. 8):
˛h(QSR (n))=D¯n−1, h(QSL (n))=D−n+1, n < 0,h(SL(0))=D¯−1, h(SR(0))=D1, n=0,
h(QL, R(n))=Fn−1, n > 0.
(b) EE: p, q are both even. We have (Fig. 9):˛h(F(−n−(p+q−2)/2, 0, ..., 0))=F−n−1, n [ − p+q−22 ,h(QSR (n))=D¯n−1, h(QSL (n))=D−n+1, − p+q−22 < n < 0,h(SL(0))=D¯−1, h(SR(0))=D1, n=0,
h(QL, R(n))=Fn−1, 0 < n <
p+q−2
2
,
h(Fn−(p+q−2)/2, 0, ..., 0)=Fn−1,
p+q−2
2
[ n.
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Remark 3.3.6. In the above theorem (and subsequent theorems), the
statement of results may or may not involve the character q(n).
Nevertheless, we include it so that the reader will know which degenerate
principal series the relevant constituents are from.
Remark 3.3.7. In Fig. 8 (and subsequent figures), the constituents
marked with asterisk (or dagger) are in duality correspondence. We note
the rather special ladder representation L which occurs at n=±1 (see
Figs. 8 and 9) and has O(p)×O(q)-types along a line:
L=C 3Hm, n | m−n=q−p2 4 .
We also note the correspondence of the ladder representation with the
trivial representation of SL6 (2, R) at n=1, for p+q even and p+q > 5.
When p=q=2, note that (p+q−2)/2=1 and so there are only three
cases in Fig. 9, namely n [ −1, n=0, n \ 1. The trivial representation of
O(2, 2) and SL6 (2, R) correspond (at n= + 1).
Theorem 3.3.8. Suppose that p+q is odd and q(n)=(sgn)n+(p−q)/2.
(a) OE: p odd, q even. We have (Fig. 10):
˛h(QSR (n))=D¯n−1, n < p+q−22 ,
h(F(n−(p+q−2)/2, 0, ..., 0))=D¯n−1,
p+q−2
2
[ n.
(b) EO: p even, q odd. We have (Fig. 11):
˛h(F(n−(p+q−2)/2, 0, ..., 0))=Dn+1 n [ − p+q−22 ,
h(QSR (n))=D¯n−1 −
p+q−2
2
< n.
Theorem 3.3.9. Suppose that p+q is odd and q(n)=(sgn)n+(p−q)/2+1.
(a) OE: p odd, q even. We have (Fig. 12):
˛h(F(−n−(p+q−2)/2, 0, ..., 0))=D¯−n−1, n [ − p+q−22 ,
h(QSL (n))=D−n+1, −
p+q−2
2
< n.
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(b) EO: p even, q odd. We have (Fig. 13):
˛h(QSL (n))=D−n+1, n < p+q−22 ,
h(F(n−(p+q−2)/2, 0, ..., 0))=D−n+1,
p+q−2
2
[ n.
3.4. The Special Case (O(p, 1), SL6 (2, R))
Assume that p > q=1. Recall the character 1+, − of G=O(p, 1) such
that
1+, −|O(p)=1, 1+, −|O(1)=sgn.
We have
1+, − é IndO(p, 1)P (1 é | · |n) 5 IndO(p, 1)P (sgn é | · |n).
Let O+(p, 1) be the kernel of 1+, −. It is a subgroup of O(p, 1) of index 2.
Then
IndO(p, 1)P (1 é | · |n) 5 IndO(p, 1)P (sgn é | · |n)
as O+(p, 1) modules.
The structure of IndO(p, 1)P (1 é | · |n) as an O+(p, 1) module is given in
[10]. If n ¨ (p+1)/2+Z, then IndO(p, 1)P (1 é | · |n) is irreducible. Suppose
that n ¥ p+12 +Z, then there are at most two irreducible constituents. Recall
that the maximal compact subgroup of O+(p, 1) is O(p), and we have the
following O(p)-type decompositions:
IndO(p, 1)P (1 é | · |n)=C {Hm(Rp) | m \ 0}.
The irreducible constituents wil1 then be specified by their O(p)-types. We
shall adopt notations similar to those the previous section. Thus
F(|n|− (p−1)/2, 0, ..., 0)=C 3Hm(Rp) | m [ |n|− p−12 4 ,
and
QF(n)= C 3Hm(Rp) | m \ − n− p−32 4 ,
SF(n)= C 3Hm(Rp) | m \ n− p−32 4 .
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For a constituent U of IndO(p, 1)P (1 é | · |n), we let Uq be the corresponding
constituent of IndO(p, 1)P (q é | · |n). Namely,
Uq=˛U if q=1,
1+, − é U if q=sgn.
We have the following:
Theorem 3.4.1. Suppose that n ¥ (p+1)/2+Z and q(n)=(sgn)n+(p−1)/2.
(a) If p > 1 is odd and |n| \ (p−1)/2 then
h(F(|n|− (p−1)/2, 0, ..., 0), q(n))=Ind PŒ
SL6(2, R)(q−2n0 é | · |−n).
Otherwise, both principal series representations are irreducible and hence
h(IndO(p, 1)P (q(n) é | · |n))=Ind PŒSL6(2, R)(q−2n0 é | · |−n).
(b) If p > 1 is even, then we have (Fig. 14):˛h(F(−n−(p−1)/2, 0, ..., 0, q(n))=Dn+1, n [ − p−12h(IndO(p, 1)P (q(n) é | · |n))=Dn+1, − p−12 < n < 0,
h(IndO(p, 1)P (q(n) é | · |n))=Dn+1, 0 < n <
p−1
2
,
h(F(n−(p−1)/2, 0, ..., 0), q(n))=D¯n−1,
p−1
2
[ n.
Remark 3.4.2. We emphasize that the second and the third statements
in part (b) are not inconsistent. Note that q(−n)=sgné q(n) if p is even.
A similar remark applies to part (b) of the next theorem.
We also have the following:
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Theorem 3.4.3. Suppose that n ¥ (p+1)/2+Z, and q(n)=(sgn)n+(p+1)/2.
(a) If p > 1 is odd, then we have (Fig. 15):
˛h(QF(n)q(n))=D−n+1, n [ − p−12 ,h(IndO(p, 1)P (q(n) é | · |n))=D−n+1, − p−12 < n [ 0,
h(IndO(p, 1)P (q(n) é | · |n))=Dn+1, 0 < n <
p−1
2
,
h(F(n−(p−1)/2, 0, ..., 0), q(n))=Fn−1,
p−1
2
[ n.
(b) If p > 1 is even, then we have (Fig. 16):
˛h(QF(n)q(n))=D−n+1, n [ − p−12 ,h(IndO(p, 1)P (q(n) é | · |n))=D−n+1, − p−12 < n < 0,
h(IndO(p, 1)P (q(n) é | · |n))=D−n+1, 0 < n <
p−1
2
,
h(F(n−(p−1)/2, 0, ..., 0), q(n))=D−n+1,
p−1
2
[ n.
Remark 3.4.4 The last case in Theorem 3.4.3 (a) is related to Huygens’
Principle on wave propagation in Rp+1 (see [9]).
3.5. Remarks on the Local Theta Correspondence for (O(p, q), SL(2, R))
On the SL(2, R) side, the theta correspondence predicted by us only
covers some of the D’s and D¯’s if one of the p or q is even.
To be more precise, assume that p, q \ 2. If n [ −(p+q−2)/2, then by
the results of Rallis and Schiffmann [23], we have
h(QSL (n))=D−n+1, h(QSR (n))=D¯n−1.
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These QSL (n) and QSR (n) are among the so-called Aq(l)’s (with the same
infinitesimal character as that of the finite-dimensional piece). However,
our intertwining operator only implies that
h(QSL (n))=D−n+1, h(QSR (n))=D¯n−1, p, q both odd,
h(QSR (n))=D¯n−1, p odd, q even,
h(QSL (n))=D−n+1, p even, q odd,
and it does not imply that
h(QSL (n))=D−n+1, h(QSR (n))=D¯n−1, p, q both even,
h(QSL (n))=D−n+1, p odd, q even,
h(QSR (n))=D¯n−1, p even, q odd.
The reason is that the image of the intertwining map in these cases is a
finite-dimensional representation on the O(p, q) side, and not the whole
degenerate principal series. Thus our intertwining map does not imply that
QSL (n) or QSR (n) in discussion are in the images of the oscillator represen-
tation. They are the only omissions.
To state the result explicitly, let SL65 (2, R)adm be the admissible dual of
SL6 (2, R), and let SL65 (2, R)genuine adm be the subset of SL6
5 (2, R)adm consisting
of those representations whose restriction to the kernel of the covering map
is a multiple of its unique nontrivial character. Thus when p+q is even,
representations in SL65 (2, R)genuine adm factor thought SL(2, R), and when
p+q is odd, they do not. Then our results in Section 3.3, together with
Rallis and Schiffmann’s, provide theta lifts of all representations in
SL65 (2, R)genuine adm, for p, q \ 2.
Now assume that p > q=1. Suppose that p ¥ SL65 (2, R)genuine adm and
h(p) ] 0. From the correspondence of K and KŒ types in the space of joint
harmonics, we see that p must contain a KŒ-type kk with
k —
p+1
2
and k \
p−3
2
.
Thus for p odd, we have h(D¯k)=0 where k ¥ Z [ −1, and for p even, we
have h(D¯k)=0 where k ¥ (p−3)/2+Z [ −1. On the other hand, our results
in Section 3.4 imply that h(p) ] 0 if p is not one of the above. We summa-
rize these discussions as
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Corollary 3.5.1. (a) For p, q \ 2, we have h(p) ] 0 for p ¥
SL65 (2, R)genuine adm.
(b) For p > q=1, we have h(p) ] 0 if and only if
p ¥ ˛SL65 (2, R)genuine adm−{D¯k, k ¥ Z [ −1}, p odd,
SL65 (2, R)genuine adm−3 D¯k, k ¥ p−32 +Z [ −1 4 , p even.
Next we comment on correspondence of complementary series.
First, we assume that p, q \ 2. If p+q is even, then we know [10] that
IndO(p, q)P (q é | · |n) is irreducible (and unitary) at n=0 if
q=(sgn)(p−q)/2.
Furthermore we know that IndO(p, q)P (q é | · |n) is irreducible and (hence)
unitary for n ¥ (−1, 1). They are complementary series representations. For
this choice of q, we have
qp−q0 q
−1=1,
and so Ind PŒ
SL6(2, R)(qp−q0 q
−1 é | · |−n)’s are the spherical complementary series
of SL6 (2, R), for n ¥ (−1, 1). They correspond to each other under the local
theta correspondence.
If p+q is odd, then IndO(p, q)P (q é | · |n) is irreducible (and unitary) at n=
0 regardless of q. Further we know IndO(p, q)P (q é | · |n) is irreducible unitary
for n ¥ (−12 ,
1
2 ) (see [10]). These are the complementary series represen-
tations for O(p, q). Ind PŒ
SL6(2, R)(qp−q0 q
−1 é | · |−n)’s are also complementary
series of SL6 (2, R), for n ¥ (−12 ,
1
2 ). They again correspond to each other
under the local theta correspondence.
We shall record this as
Corollary 3.5.2. Suppose that p, q \ 2. Let
q=˛ (sgn)(p−q)/2, p+q even,
1 or sgn, p+q odd.
Then we have the correspondence between complimentary series represen-
tations
h(IndO(p, q)P (q é | · |n))=Ind PŒSL6(2, R)(qp−q0 q−1 é | · |−n),
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where
n ¥ 3(−1, 1), p+q even,
(− 12 ,
1
2 ), p+q odd.
Now assume that p > q=1. Then IndO(p, 1)P (q é | · |n) is irreducible
unitary for n ¥ (−(p−1)/2, (p−1)/2). The length of this complementary
series is p−1.
Case I: n ¥ (−(p−1)/2, (p−1)/2) and n ¨ (p+1)/2+Z. We know that
h(IndO(p, 1)P (q é | · |n))=IndPŒSL6(2, R)(qp−10 q−1 é | · |−n).
Consider the right-hand side. If p is odd, and if qp−10 q
−1=1, then
IndPŒ
SL6(2, R)
qp−10 q
−1 é | · |−n) is unitary only if n ¥ (−1, 1), and if qp−10 q−1=
sgn, then IndPŒ
SL6(2, R)(qp−10 q
−1 é | · |−n) is not unitary. If p is even, then
IndPŒ
SL6(2, R)(qp−10 q
−1 é | · |−n) is unitary only if n ¥ (−12 , 12 ).
We thus conclude that for n ¨ (p+1)/2+Z, some part of (unitary)
complementary series representations of O(p, 1) correspond to (unitary)
complementary series representations of SL6 (2, R), while the rest corre-
spond to nonunitary irreducible induced representations.
Case II: n ¥ (−(p−1)/2, (p−1)/2) and n ¥ (p+1)/2+Z. The theta lift
r=IndO(p, 1)P (q é | · |n) is described in Theorems 3.4.1 and 3.4.3. If p is odd,
h(r) is either a (non-unitary) irreducible induced module or a unitary lowest
weight module depending on the choice of the character q. If p is even,
h(r) is a (unitary or nonunitary) lowest weight module. See Figs. 14–16.
Finally, we comment on the preservation of unitarity under the local
theta correspondence.
Recall that the unitarity of irreducible constituents of IndO(p, q)P (q é | · |n)
is completely known [10]. From this one checks that for p, q \ 2, unitary
representations of SL6 (2, R) correspond to unitary representations of
O(p, q). We remark that this also follows directly from the general result of
the first-named author [16] on theta correspondence in the stable range.
But nonunitary representations of SL6 (2, R) may correspond to unitary
representations of O(p, q). For example, the trivial representation of
O(p, q) (for p and q both even) corresponds to a finite-dimensional repre-
sentation of SL6 (2, R) of highest weight (p+q)/2−2 (see Fig. 9). This
finite-dimensional representation is nonunitary unless p=q=2.
For p > q=1, one checks that unitary representations of SL6 (2, R) still
correspond to unitary representations of O(p, 1). But as we see from our
discussion on complementary series, nonunitary infinite-dimensional
representations of SL6 (2, R) may correspond to unitary representations of
O(p, 1).
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4. THE DUAL PAIR (U(p, q), U(1, 1))
We now consider the dual pair (U(p, q), U(1, 1)) ı Sp(4(p+q), R),
where p, q \ 1.
Recall the character qk of GL(1, C)=C ×, for k ¥ Z. We have a nonzero
(g, K)×(gŒ, KŒ)-intertwining map
Pqk, s: wQ Ind
U(p, q)
P (qk é | · |n) é (t é IndU(1, 1)C × ·NŒ (q−1p−q+k é | · |−n)),
where
n=s−(p+q−1).
We will identify U(1, 1) with U(1)×SU(1, 1) 5 U(1)×SL(2, R). It is
easy to see that as a U(1)×SU(1, 1) representation,
IndU(1, 1)PŒ (q
−1
p−q+k é | · |−n) 5 q−1p−q+k é IndSU(1, 1)R × ·NŒ (sgnp−q+k é | · |−n),
and so as a U(1)×SL(2, R) representation,
IndU(1, 1)PŒ (q
−1
p−q+k é | · |−n) 5 q−1p−q+k é I2p−2q+2k(−n).
Recall that I2p+2q+2k(−n) is the principal series representation of SL(2, R)
induced from the character (sgn)p−q+k é | · |−n of the upper triangular
subgroup.
4.1. Structure of IndU(p, q)P (qk é | · |n)
We recall the structure of IndU(p, q)P (qk é | · |n) from [10]. Observe that
the real part of the Hermitian form defining U(p, q) is an indefinite qua-
dratic form of signature (2p, 2q). Its isometry group U(p, q) may thus be
identified naturally as a subgroup of O(2p, 2q). Recall the definition of
Sl ; ±(X0) in Section 3.2 and let
Sl(X0)=Sl ;+(X0) À Sl ; −(X0)
be the space of C. functions on X0 with homogeneity degree l. All of them
are O(2p, 2q) modules. For a, b ¥ C with a−b ¥ Z, let qa, b be the following
character of C ×:
qa, b(t)=ta t¯b, t ¥ C ×.
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Then we have the decomposition
Sl(X0)= C
a+b=l with a−b ¥ Z
Sa, b(X0),
where Sa, b(X0) is the qa, b-eigenspace of Sl(X0). Note that Sa, b(X0) is
spherical if and only if a=b. We have
IndU(p, q)P (qk é | · | s−(p+q−1)) 5 S−(s+k)/2, (k−s)/2(X0) ı S−s; (−1)
k
(X0).
Consider the algebra PR(Cp) 5 P(R2p) of polynomials on Cp viewed as a
real vector space. We fix the complex coordinates z1, ..., zp so that z1, ..., zp
and their complex conjugates z¯1 , ..., z¯p become real coordinates of Cp. For
integers a and b, let Pa, b(Cp) be the space of polynomials that are homo-
geneous of degree a in the z’s and homogeneous of degree b in the z¯ ’s. We
note the decomposition of R-homogeneous polynomials of degree m into
bihomogeneous polynomials of appropriate bi-degrees:
Pm(Cp) 5 C
a+b=m
Pa, b(Cp).
It follows that the U(p, q)-harmonic polynomials (see Section 3.2) have an
analogous decomposition:
Hm(Cp) 5 C
a+b=m
Hm(Cp) 5 Pa, b(Cp) 5 C
a+b=m
Ha, b(Cp).
It is easy to see that Ha, b(Cp) are nonzero, irreducible, and mutually
inequivalent U(p) modules. Using the standard notation for parametrizing
irreducible U(p) modules by highest weights indexed by p-tuples (as in
Section 2), Ha, b(Cp) has highest weight (a, 0, ..., 0, −b). However, when
p=1, only Ha, 0(C)=Cza and H0, b(C)=Cz¯b are nonzero; and these are
clearly irreducible and mutually inequivalent.
With the above notations, the U(p)×U(q)-types of IndU(p, q)P (qk é
| · | s−(p+q−1)) consist of Hm1, m2 (C
p) éHn1, n2 (Cq), where
m1−m2+n1−n2=−k, m1, m2, n1, n2 \ 0.
When p=1 (respectively, q=1), we require m1m2=0 (respectively,
n1n2=0).
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FIG. 4. Fibers of U(p)×U(q)-types of IndU(p, q)P (qk é | · |n).
We first assume that p, q \ 2. As in [10], we may group the set of the
U(p)×U(q)-types Hm1, m2 (C
p) éHn1, n2 (Cq) according to the coordinates
(m, n)=(m1+m2, n1+n2). In this way the U(p)×U(q)-types of Ind
U(p, q)
P
(qk é | · | s−(p+q−1)) may be indexed by (m, n) ¥ (Z \ 0)2 with
m+n \ |k|
m+n — k mod 2.
This is illustrated in Fig. 4. There is a ‘‘fiber’’ of U(p)×U(q)-types
Hm1, m2 (C
p) éHn1, n2 (Cq) lying over the point (m, n), characterized by
m=m1+m2,
n=n1+n2,
−k=m1−m2+n1−n2.
Denote this fiber of U(p)×U(q) types over (m, n) by H˜m, n(k).
As explained in [10], the 4 barrier lines in (m, n) (see Section 3.2)
governing the O(2p, 2q)-structure of S−s; (−1)
k
(X0) determine the structure
of S−(s+k)/2, (k−s)/2(X0) as an U(p, q) module, so the extra degree of freedom
in the U(p)×U(q) fibers has no effect whatsoever on its U(p, q) composi-
tion series. Consequently the Hasse diagrams are identical to the cases in
Section 3.2 where p and q are both even, as shown in Fig 17.
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FIG. 5. Fibers of U(p)×U(q)-types of constituents of IndU(p, q)P (qk é | · |n), k — n+p+
q−1 mod 2.
We shall identify irreducible constituents of IndU(p, q)P (qk é | · | s−(p+q−1)
through the fibers contained in them (see Fig. 5). We shall also denote Fk, |n|
the irreducible finite-dimensional representation of GL(p+q, C) with the
highest weight ((−k+|n|−p−q+1)/2, 0, ..., 0, (−k− |n|+p+q−1)/2),
where |n| \ |k|+p+q−1.
The cases when p > q=1 are also interesting. As noted above, the
U(p)×U(1)-types that appear have the property n1n2=0. One can illus-
trate these using a diagram as shown in the right half of Fig. 4. Here the
fiber over (m, n) refers to those such that n2=0 if n \ 0 and n1=0 if n < 0.
The transition lines remained unchanged, as indicated in Fig. 4.
4.2. Local Theta Correspondence
By using the same strategies as in the case of O(p, q), we obtain the
following results.
Theorem 4.2.1. Consider the dual pair (U(p, q), U(1, 1)) where p, q \ 2.
(a) Suppose k – n+p+q−1 mod 2. Then both principal series repre-
sentations are irreducible and hence
h(IndU(p, q)P (qk é | · |n))=t é q−1p−q+k é IndSL(2, R)P Œ (sgnp−q+k é | · |−n).
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FIG. 6. Sp(p)×Sp(q)-types of constituents of IndSp(p, q)P (rk é | · |n), k — n−1 mod 2.
FIG. 7. Fibers of Sp(p)×Sp(1)-types of IndSp(p, 1)P (rk é | · |n) for p > q=1.
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(b) Suppose k — n+p+q−1 mod 2. Then we have (Fig. 17):˛h(Fk, −n)=t é q−1p−q+k é F−n−1, n [ −(|k|+p+q−1),h(QSR (n))=t é q−1p−q+k é D¯n−1, −(|k|+p+q−1) < n < 0,h(QSL (n))=t é q−1p−q+k é D−n+1, −(|k|+p+q−1) < n < 0,h(SL(0))=t é q−1p−q+k é D¯−1, n=0,
h(SR(0))=t é q−1p−q+k é D1, n=0,
h(QL, R(n))=t é q−1p−q+k é Fn−1, 0 < n < (|k|+p+q−1),
h(Fk, n)=t é q−1p−q+k é Fn−1, (|k|+p+q−1) [ n.
Theorem 4.2.2. Consider the dual pair (U(p, 1), U(1, 1)) where p >
q=1.
(a) Suppose k – n+p mod 2. Then both principal series representations
are irreducible and hence
h(IndU(p, 1)P (qk é | · |n))=t é q−1p−1+k é IndSL(2, R)PŒ (sgnp−1+k é | · |−n).
(b) Suppose k — n+p mod 2. Then we have (Fig. 18):˛h(QT(n))=t é q−1p−1+k é D¯n−1, p−k [ n [ 0,h(QB(n))=t é q−1p−1+k é D−n+1, p−k [ n [ 0,h(QSB (n))=t é q−1p−1+k é D−n+1, n [ k−p & −p < n+k < p,h(Fk, |n|)=t é q−1p−1+k é F|n|−1, |k|+p [ |n|,h(QSL (n))=t é q−1p−1+k é D−n+1, k−p < n < p+k & n+k [ −p,h(QR(n))=t é q−1p−1+k é D¯n−1, p+k [ n [ 0,h(QL(n))=t é q−1p−1+k é D−n+1, p+k [ n [ 0,
h(QL, R(n))=t é q−1p−1+k é Fn−1, 0 < n [ −p−k,
h(QSR (n))=t é q−1p−1+k é Fn−1, k+p [ n & −p < n+k < p,
h(QST (n))=t é q−1p−1+k é Fn−1, k−p < n < p+k & n+k \ p,
h(QT, B(n))=t é q−1p−1+k é Fn−1, 0 < n [ k−p,
h(IndU(p, 1)P (qk é | · |n))
=t é q−1p−1+k é D|n|+1, |n|+|k| < p.
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5. THE DUAL PAIR (Sp(p, q), O*(4))
We consider the dual pair (Sp(p, q), O*(4)) ı Sp(8(p+q), R), where p,
q \ 1. In this case, the metaplectic cover is trivial when restricted to
Sp(p, q) and O*(4).
We will identify GŒ=O*(4) with (Sp(1)×SL(2, R))/{±I}. We have the
Levi decomposition PŒ 5H ×xNŒ 5 (Sp(1)×R ×+ )xNŒ. For k ¥ Z \ 0, let rk
be the (k+1)-dimensional representation of Sp(1) 5 SU(2). Note that rk is
self dual, and therefore we have a non-zero (g, K)×(gŒ, KŒ)-intertwining
map
Prk, s: wQ Ind
Sp(p, q)
P (rk é | · |n) é IndO*(4)PŒ (rk é | · |−n).
It is not difficult to see that as a Sp(1)×SL(2, R) representation,
IndO*(4)PŒ (rk é | · |−n) 5 rk é I2k(−n),
where I2k(−n) is the principal series representation of SL(2, R) induced
from the character sgnk é | · |−n.
5.1. Structure of IndSp(p, q)P (rk é | · |n)
The structure of IndSp(p, q)P (rk é | · |n) can be found in [10]. In the nota-
tion of [10],
IndSp(p, q)P (rk é | · | s−(2p+2q−1)) 5 S−sk (X0), (5.1.1)
where S−sk (X
0) is the rk-isotypic subspace of S−s(X0) (when restricted to
the subgroup Sp(1) of H ×). We have the following decomposition of
S−s; e(X0) as a Sp(p, q) module:
S s ; e(X0)= C
k — e mod 2
S−sk (X
0)
Note that S−sk (X
0) is spherical if and only if k=0.
To understand the Sp(p)×Sp(q) structure of IndSp(p, q)P (rk é | · | s−(2p+2q−1))
let us first understand the Sp(p)×Sp(1) structure of the space of the har-
monic polynomials H(R4p). As usual, we parametrize irreducible represen-
tations of Sp(p) by p-tuples of integers (t1, t2, ..., tp) with t1 \ t2 \ · · ·
\ tp \ 0. Since only a representation of the form (t1, t2, 0, ..., 0) appears
in H(R4p), we will abbreviate it by V (t1, t2)p , with the subscript ‘‘p’’ indicat-
ing size of the group Sp(p). Note that in this notation, the irreducible
representation rj of Sp(1) is just V
j
1.
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FIG. 8. p, q \ 2 and both odd, with q=(sgn)n+(p−q)/2+1.
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FIG. 9. p, q \ 2 and both even, with q=(sgn)n+(p−q)/2+1.
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FIG. 10. p odd, q even and p, q \ 2, with q=(sgn)n+(p−q)/2.
We have the following decomposition of Hm(R4p):
Hm(R4p)=˛ Ct1+t2=m V (t1, t2)p é rt1 −t2 , p \ 2,
rm é rm, p=1.
(5.1.2)
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FIG. 11. p even, q odd and p, q \ 2, with q=(sgn)n+(p−q)/2.
Assume that p, q \ 2. Using the above decomposition and applying the
Clebsch Gordan Formula, we obtain
Hm(R4p) éHn(R4q)
= C
t1+t2=m
C
g1+g2=n
V (t1, t2)p é V (g1, g2)q é (rt1 −t2 é rg1 −g2 )
= C
0 [ k [ m+n
C {V (t1, t2)p é V (g1, g2)q } é rk,
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FIG. 12. p odd, q even, and p, q \ 2, with q=(sgn)n+(p−q)/2+1.
where the sum of terms in braces is over
t1 \ t2 \ 0, g1 \ g2 \ 0,
t1+t2=m, g1+g2=n,
t1−t2+g1−g2 \ k \ |(t1−t2)−(g2−g2)|,
t1−t2+g1−g2 — k mod 2.
(5.1.3)
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FIG. 13. p even, q odd and p, q \ 2, with q=(sgn)n+(p−q)/2+1.
Thus as an Sp(p)×Sp(q)×Sp(1) module,
S−sk (X
0)=C {V (t1, t2)p é V (g1, g2)q } é rk,
where the sum is over the set just described in (5.1.3). As in U(p, q) case, it
is convenient to organize the Sp(p)×Sp(q) types of IndSp(p, q)P (rk é
| · | s−(2p+2q−1)) by means of the points (m, n)=(t1+t2, g1+g2) in (Z \ 0)2. In
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FIG. 14. p even, p > q=1 and q=(sgn)n+(p−1)/2.
other words, the Sp(p)×Sp(q) types of IndSp (p, q)P (rk é | · | s−(2p+2q−1)) are
indexed by (m, n) in (Z \ 0)2, with
m+n — k mod 2, and
m+n \ k,
and a fiber of Sp(p)×Sp(q) types lying over the tuple (m, n) is given by
the set (5.1.3). The K type diagram is similar to that of the left half of
Fig. 4, with p, q replaced by 2p, 2q, respectively.
Again from [10], the Sp(p, q) module structure of IndSp (p, q)P (rk é
| · |s−(2p+2q−1)) is controlled by the O(4p, 4q)-module structure of S−s; (−1)
k
(X0).
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FIG. 15. p odd, p > q=1 and q=(sgn)n+(p+1)/2.
The Hasse diagrams are thus identical to the cases in Section 3.2 where p
and q are both even (see Fig. 19).
Denote Hˆm, n(k) the fiber of Sp(p)×Sp(q) types over (m, n). We shall
identify irreducible constituents of IndSp (p, q)P (rk é | · | s−(2p+2q−1)) by specify-
ing their fibers (see Fig. 6). We shall also denote Fk, |n| the irreducible finite-
dimensional representation of Sp(2(p+q), C) with the highest weight
1 |n|+k+1
2
−p−q,
|n|−k+1
2
−p−q, 0, ..., 02 ,
where |n| \ k+2p+2q−1.
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FIG. 16. p even, p > q=1 and q=(sgn)n+(p+1)/2.
If p > q=1, a parallel computation shows that the Sp(p)×Sp(1) types
of IndSp (p, 1)P (rk é | · | s−(2p+1)) are indexed by (m, n) in (Z \ 0)2, with
m+n — k mod 2,
m+n \ k and
n−m [ k
and a fiber of Sp(p)×Sp(1) types given by the set (5.1.3). In the present
case, we have the added condition: g2=0 and so g1=n. The K type
diagram is slightly different and is illustrated in Fig. 7.
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FIG. 17. (U(p, q), U(1, 1)) duality correspondence: p, q \ 2 with k — n+p+q−1 mod 2
(the twist by character t of U˜(1, 1) and character q−1p−q+k of U(1) is not indicated).
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FIG. 18. (U(p, 1), U(1, 1)) duality, where p > 1 and k — n+p mod 2.
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FIG. 19. (Sp(p, q), O*(4)) duality correspondence: p, q \ 2 with k — n−1 mod 2 (the
twist by representation rk of Sp(1) is not indicated).
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FIG. 20. (Sp(p, 1), O*(4)) duality, where p > 1 and k — n−1 mod 2 (the twist by rk of
Sp(1) is not indicated).
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5.2 Local Theta Correspondence
By using the same strategies as in the case of O(p, q), we obtain the
following:
Theorem 5.2.1. Consider the dual pair (Sp(p, q), O*(4)), where p, q \ 2.
(a) Suppose k – n−1 mod 2. Then both principal series representations
are irreducible and hence
h(IndSp(p, q)P (rk é | · |n))=rk é IndSL(2, R)P Œ (sgnk é | · |−n).
(b) Suppose k — n−1 mod 2. Then we have (Fig. 19):˛h(Fk, −n)=rk é F−n−1, n [ −(k+2p+2q−1),h(QSR (n))=rk é D¯n−1, − (k+2p+2q−1) < n < 0,h(QSL (n))=rk é D−n+1, − (k+2p+2q−1) < n < 0,h(SL(0))=rk é D¯−1, n=0,
h(SR(0))=rk é D1, n=0,
h(QL, R(n))=rk é Fn−1, 0 < n < k+2p+2q−1,
h(Fk, n)=rk é Fn−1, k+2p+2q−1 [ n.
Theorem 5.2.2. Consider the dual pair (Sp(p, 1), O*(4)), where p > 1.
(a) Suppose k – n−1 mod 2. Then both principal series representations
are irreducible and hence
h(IndSp(p, 1)P (rk é | · |n))=rk é IndSL(2, R)PŒ (sgnk é | · |−n).
(b) Suppose k — n−1 mod 2. Then we have (Fig. 20):˛h(Fk, |n|)=rk é F|n|−1, |n| \ k+2p+1,h(QSL (n))=rk é D−n+1, −2p−1 < n+k [ 2p−3 &n−k [ −2p+1,h(QSR (n))=rk é D¯n−1, −k+2p−3 [ n [ 0,h(QSL (n))=rk é D−n+1, −k+2p−3 [ n [ 0,
h(QL, R(n))=rk é Fn−1, 0 < n < k−2p+3,
h(QSR (n))=rk é Fn−1, −2p+3 [ n−k < 2p+1 &
n+k \ 2p−1,
h(IndSp (p, 1)P (rk é | · |n))
=rk é D|n|+1, |n|+|k| < 2p−1.
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